In this paper, we are concerned with the computation of the p-rank of curves. In the second part of the paper, we consider a pair X, X ′ of proper curves over the field F p , where X ′ is a singular curve which lies on a smooth surface S and X is the smooth model of X ′ . In suitable cases, we determine the structure of the kernel J X [p] of multiplication by p in the jacobian J X of X by using the exact sequence of group schemes relating J X and J X ′ . In the third section, we work with complete intersections and compute explicitly the action of Frobenius on the top cohomology group to determine the p-rank of complete intersection curves.
Introduction
Let X be a smooth projective curve in characteristic p > 0 and J X be its jacobian. We are interested in determining the structure of J X [p], the kernel of multiplication by p in J X . If π : X → X ′ is the resolution of singularities of a curve X ′ , then in principle one can determine J X [p] by computing the action of Frobenius on X ′ and relating this computation to X via the cohomology sequence attached to the resolution. In particular, if X ′ is a plane curve this approach proves to be quite efficient because in this case the action of Frobenius can be explicitly calculated.
In this note our main aim is to illustrate how one can incorporate the exact sequence 0 → G → J X ′ → J X → 0 of group schemes arising from the resolution X → X ′ in the calculations explained in the preceding paragraph. In the second section of the paper, using this exact sequence we discuss the effect of the singularities of X ′ on the structure of G [p] . Then once we determine the structure of the subgroup J X ′ [p] (for singular curves X ′ embedded in certain smooth surfaces) we obtain the p-rank of the smooth curve X.
In the third section, we work with complete intersections of arbitrary dimension in a given projective space P n . In Theorem 13, we work out explicitly the action of Frobenius on the top cohomology group of the variety. This information suffices to determine if the given complete intersection variety is ordinary (Proposition 11).
The notation is as follows.
Our base field is k = F p for some prime p > 0. X is a projective smooth curve over k, of genus g ≥ 2. J X is the jacobian of X. ω X is the canonical bundle of X. µ p , α p denote the usual infinitesimal group schemes. If G is a k-group scheme, G[n] is the kernel of multiplication by n in G. a(G) = dim(Hom k−gr (α p , G)). σ(G) is defined by p σ(G) = |Hom k−gr (µ p , G)|. For a smooth projective curve X, the p-rank is the p-rank of J X , which is by definition σ(J X ). Similarly, we set a(X) = a(J X ).
Singular curves
We let X ′ be a (singular) integral proper curve over k and π : X → X ′ be the normalization. The generalized jacobian J X ′ of X ′ sits in an exact sequence of k-group schemes
where G is an affine connected group.
The following facts are well-known ( [6] ):
• For a line bundle L on X ′ , we have the Riemann-Roch Theorem
where the arithmetic genus p a (X ′ ) = dim(H 0 (X ′ , Ω X ′ )). • Using cup product, we obtain the usual duality result
Lemma 1. Let C be the Cartier operator acting on the rational forms on X and φ be the duality map. The following diagram is commutative.
Proof. H 0 (X ′ , Ω X ′ ) consists precisely of rational differential forms ω on X which at each point x ′ ∈ X ′ satisfy the condition
Hence C (H 0 (X ′ , Ω X ′ )) ⊂ H 0 (X ′ , Ω X ′ ) and the result follows.
.
Proof. We apply Hom k−gr (µ p , .) to sequence (1) and we get
Since k is algebraically closed, G = G r m × G u where r is a non-negative integer and G u is a unipotent group (that is, a successive extension of the additive group G a ). The result follows, since Ext 1 (µ p , G m ) = 0 = Ext 1 (µ p , G a ).
Corollary 3. If all singular points of X ′ are double points of the form z 2 = x r , r ≥ 3 odd, then we have σ(J X ) = σ(J X ′ ).
Proof. Under the given hypothesis, G = G u . Hence, Hom k−gr (µ p , G) = 0.
Example 4. Example of a pair X, X ′ such that the p-rank(X) = σ(J X ′ ) = 1.
We take p = 7 and consider the curve X ′ ⊂ P 2 given by the equation
where A, B are non-zero and A = B. X ′ is a singular curve of arithmetic genus p a (X ′ ) = 6. X ′ has only one singular point Q = [0 : 1 : 0], which is analytically isomorphic to z 2 = x 5 ([8], Section I) . Hence, Corollary 3 applies and we get p-rank(X) = σ(J X ′ ). Now we compute σ(J X ′ ) by using the action of the Frobenius map F on
, Section 4.4 ) using the basis
It follows that σ(J X ′ ) = 1 and we get σ(X) = 1.
Remark 5. We conclude from Lemma 1 that instead of working with Frobenius acting on H 1 (X ′ , O X ′ ), we could have worked with the Cartier operator on H 0 (X ′ , Ω X ′ ). Action of Cartier operator C on H 0 (X ′ , Ω X ′ ) is given by the formula ([7], Theorem 1.1).
We obtain the following lemma, by applying this time Hom k−gr (α p , .) to the sequence (1) and observing that Hom k−gr (α p , G m ) = 0 = Ext 1 (α p , G m ).
Let p = 2 and consider the plane curve X ′ defined by the equation
X ′ is a singular curve of arithmetic genus p a (X ′ ) = 10 and has precisely two singular points [1 : 0 : 0] and [0 : 1 : 0] which are both ordinary three folds (cf. [4] , Section 4). Thus, we see that the group G in the exact sequence (1) is of dimension 6 with G 4 m as the multiplicative part. It follows that the genus of the normalization X of X ′ is g(X) = 4 and σ(X) = σ(X ′ )−4. Calculating as in Example 4, we find σ(X ′ ) = 8, a(X ′ ) = 2. Thus, we see that σ(X) = 4 (Lemma 2) and that X is an ordinary curve. One can also use the formula in Remark 5 to show that X is ordinary curve. Remark 8. One can adapt the techniques in Example 4 to find the p-rank of curves on more general surfaces. Let X be a smooth projective surface over an algebraically closed field of positive characteristic p with invariants p g = 0 (geometric genus) and q = 0 (irregularity). Let C be a projective curve on X with corresponding divisor D. We have the following short exact sequence which defines our curve.
By using the long exact sequence of cohomology obtained from the above short exact sequence, one sees that
As an application of Remark 8, we compute the p-rank of integral curves on Hirzebruch surfaces H r .
Example 9. Let X = H r be the r-th Hirzebruch surface over an algebraicaly closed field k of positive characteristic p. Then S = k[x 1 , x 2 , x 3 , x 4 ] is the coordinate ring of X and
Let D i = V (x i ) be the divisor corresponding to the monomial x i . Then any divisor D ∈ Div(X) can be written as 
Complete intersections
In this section, we work with complete intersections of arbitrary dimension; to check if such a variety is ordinary (Definition 10), it suffices to check the action of F on only the top cohomology group (Proposition 11). In Theorem 12, we explicitly compute this action. As an example, we apply the result to the curve X of Example 7 to give an alternate verification of X being ordinary. We note that generically all smooth complete intersections are ordinary ([3], Theorem 2.2).
Definition 10. We say that a projective variety X is ordinary if the Frobenius morphism F is a bijection on each cohomology group H j (X, O X ) for 0 ≤ j ≤ dimX.
Let X i : f i = 0 be degree n i hypersurface in n-projective space P n k given by homogenous polynomial f i of degree n i for i = 1, 2, . . . , r. Let Y i = X 1 ∩ X 2 ∩ · · · ∩ X i for i = 1, 2, . . . , r and Y 0 = P n k .
The following proposition is well-known.
Proposition 11. [5, Section 78, Proposition 5] For i = 1, 2, . . . , r, we have the followings;
be the Frobenious morphism for m ∈ Z and i = 0, 1, . . . , r.
To compute the action of F r on H n−r (Y r , O Yr ), we adapt the method of ([2], Section 4.4) . Consider the following diagrams for i = 2, 3, ..., r.
Here, Y p r is the subscheme of Y r−1 defined by f p r = 0. On the other hand, Y r is closed subscheme of Y p r and we have the quotient map q : O Y p r → O Yr . By Diagram 2, Proposition 11, and long exact sequences corresponding to horizontal short exact sequences in Diagram 2, we have the following;
From Diagram 3, we get;
and F r = qF r−1 .
Hence, by restricting F r to Ker(×f r ), we find;
Similarly, by using Diagram 1(resulting diagrams on cohomology groups), and observing inductive arguments, one can easily conclude the followings for i = 2, 3, . . . , r;
n r−j )) = Ker(×f r−i ) by restricting on Ker(×f r−i+1 ), F r−i+1 = f p−1 r−i+1 F r−i . From these two observations, we obtain;
Upon using expression (2), one concludes that Ker(×f r ) ⊆ Ker(×f r−1 ). Therefore, we have
Now we obtain the statement in the proposition by restricting F 0 to Ker(×f r ), and employing induction.
Next we determine explicitly Ker(×f r ) as a subvector space of H n (Y 0 , O Y 0 (− r−1 j=0 n r−j )). Theorem 13.
(n i means n i omitted from the sequence (n 1 , . . . , n r )).
Proof. We shall use induction on Ker(×f i ) for i = 1, 2, . . . , r. Statement as follows: Given any α ∈ Ker(f i ), αf j = 0 in H n (Y 0 , O Y 0 (−n 1 − · · · −n j − · · · − n r )) for j = 1, 2, . . . , i. Note that for any α ∈ Ker(×f i ), α ∈ H n (Y 0 , O Y 0 (− r−1 j=0 n r−j ) Consider the following short exact sequence;
By the above short exact sequence, the statement is proved for i = 1. Now assume that our statement is true for i = 1, 2, . . . , r − 1 and prove it for i = r. Since Ker(×f r ) ⊆ Ker(f r−1 ), αf i = 0 in the required space for i = 1, 2, . . . , r − 1 and α ∈ Ker(×f r ). Therefore, we need to show only that αf r = 0 in our required space.
For the last statement, we will use induction argument one more time. Statement as follows:
j=0 n r−j )) and αf r = 0 in
). Consider the following short exact sequence;
The above statement true for i = 1. Now assume that the statement is true for i = 1, 2, . . . , r − 1 and prove it for i = r. Define
Now consider Diagram 4;
By inductive argument, we have
from the middle vertical short exact sequence in Diagram 4. We see that
and by observing the upper right commutative square in Diagram 4, we get
Now the proof is completed by induction.
Example 14. We consider the smooth curve X in Example 7 which is isomorphic to the complete intersection in P 3 k given by the surfaces X 1 : f = xw − yz = 0 X 2 : g = y 3 + z 3 + w 3 + λx 3 = 0, where λ = λ 2 . Since the vector spaces H 3 (P 3 , O P 3 (−3)) = 0 and H 3 (P 3 , O P 3 (−2)) = 0, we have zero maps
[×f ] : H 3 (P 3 , O P 3 (−5)) → H 3 (P 3 , O P 3 (−3)),
[×g] : H 3 (P 3 , O P 3 (−5)) → H 3 (P 3 , O P 3 (−2)). Therefore, we have H 1 (X, O X ) = H 3 (P 3 , O P 3 (−5)), F = F X = (f g) p−1 F P = f gF P and B = {α 1 = 1 x 2 yzw , α 2 = 1 xy 2 zw , α 3 = 1 xyz 2 w , α 4 = 1 xyzw 2 } is a basis for H 1 (X, O X ). It follows that F (α 1 ) = f gα 2 1 = λα 4 , F (α 2 ) = f gα 2 2 = α 3 , F (α 3 ) = f gα 2 3 = α 2 , F (α 4 ) = f gα 2 4 = α 1 . This implies that F is semi-simple on H 1 (X, O X ). Thus, X is an ordinary curve.
Remark 15. In Example 14, the surface X 1 is isomorphic to H 0 and the curve X ⊆ X 1 corresponds to the equation f = x 3 1 (x 3 4 + λx 3 2 ) + x 3 3 (x 3 4 + x 3 2 ) = 0. We can calculate the p-rank of X by using the action of the Frobenious morphism as in Example 9.
} is a basis for H 1 (C, O C ) = H 2 (H 0 , O H 0 (−3, −3)) and
F (ρ 1 ) = ρ 4 , F (ρ 2 ) = ρ 3 , F (ρ 3 ) = ρ 2 , F (ρ 4 ) = λρ 1 . Thus, F is a bijection on H 1 (C, O C ) and we see that X is an ordinary curve (as was proved in Example 14).
